Abstract-Amplitude, timing, and wavelength instabilities in a semiconductor mode-locked laser are studied experimentally and by using an accurate numerical model. It is shown that these instabilities can occur when the RF drive frequency is tuned to give a minimum average pulsewidth. We show that experimental measurement techniques, such as sampling and averaging, can mask these instabilities. Using our numerical model, we show that the wavelength instability is associated with the amplitude and timing instabilities and that the large broadening of the optical spectrum observed experimentally is caused by a cyclic wavelength instability.
I. INTRODUCTION CTIVELY mode-locked lasers are attractive as
A sources of periodic trains of short optical pulses. Applications of mode-locked pulses include very-high bitrate communications [ 11, instrumentation [2] , and optical computing [ 3 ] . Much progress towards short pulses has been made in recent years, with pulsewidths down to fractions of a picosecond being reported [4] . A limit to performance of systems employing short optical pulses is amplitude, timing, and wavelength instability of the pulses. Timing and spectral instabilities could result in intersymbol interference and degraded receiver sensitivities in communications systems, accuracy limitations in instrumentation, and errors in optical computers.
Measurements of the detected RF spectrum [ 5 ] , [6] have shown line broadening which has been attributed to noiseinduced instabilities in the amplitude and phase (timing) of the pulses. However, a low jitter level was shown 161 to be critically dependent on the operating conditions of the laser, in particular, the detuning (or offset) of the RF drive frequency from the external cavity fundamental resonance frequency. Numerical simulations of actively mode-locked lasers have shown large cyclic variations in pulse amplitude and timing can occur when the RF frequency is increased by a few MHz from the frequency for minimum pulsewidth [7] -[l I].
Little has been reported on experimental measurements of the spectral behavior of mode-locked lasers as a func- tion of detuning. Lowery and Marshall have studied the optical spectrum from a mode-locked laser using numerical simulations and showed the effects on the spectrum of the linewidth enhancement factor, ac drive current, dc bias current, imperfect antireflection coating on one of the laser facets, and of driving at a harmonic of the cavity resonance frequency [ 101.
The objective of this paper is to assess the amplitude, timing, and spectral stability of mode-locked lasers with dispersive gratings over a wide range of detunings. It is shown that the instabilities can occur when the laser is adjusted for a minimum average pulsewidth. We compare experimental measurements with numerical simulation results from the transmission-line laser model (TLLM) [8] - [ 121. The numerical simulations include models of the measuring equipment. This modeling of the measurement equipment involves: 1) averaging many pulses together to obtain an average pulse shape, 2 ) overlaying samples from many pulses to simulate a nonaveraging sampling oscilloscope, and 3 ) averaging the spectrum of many pulses to simulate the operation of a monochromator. Excellent agreement between the experimental measurements and the processed numerical simulation results are demonstrated.
The numerical model is able to simulate a time sequence of pulses that would be difficult to measure experimentally. The model can readily simulate instabilities in the pulsewidth, pulse amplitude, and pulse timing. The model shows that these instabilities are cyclic rather than random and appear experimentally as an apparent broadening of the sampling oscilloscope traces. This cyclic behavior is confirmed by side bands in the measured RF spectrum of the detected pulses. In addition, the model shows cyclic instabilities in the wavelength of the numerically generated pulses. These wavelength instabilities are related to the cyclic instabilities in the time domain. These wavelength instabilities are difficult to measure experimentally, but can cause a large spectral broadening of the average spectrum, as seen experimentally using a monochromator.
Section I1 of this paper describes the mode-locked laser together with the measurement apparatus. Section I11 describes the numerical model and additional post-processing algorithms. Section IV presents the experimental results together with the numerical results and shows the effect of detuning on average pulsewidth, pulse stability, 0018-9197/91$01.00 1991 IEEE and optical spectrum; the discussion and conclusions are presented in Section V .
EXPERIMENTAL ARRANGEMENT
The mode-locked laser under study is shown in Fig. 1 . It comprises a 1500 nm laser with an antireflection-coated (better than 0.1 % reflectivity) rear facet coupled to an external cavity using a 2 mm diameter antireflection coated sphere lens. The external cavity mirror is formed with a 1200 lines/" diffraction grating with a blaze wavelength of 750 nm. This grating controls the lasing wavelength and system bandwidth. The grating bandwidth is estimated to be approximately 100 GHz, based on a measurement of the spot size on the grating.
The RF drive to the laser is superimposed on a constant dc bias using a commercial bias tee. The drive signal is supplied by a Hewlett-Packard synthesized signal generator (8341B) with a Mini-Circuits amplifier (ZHL-42) to boost the power. The drive frequencies are around 2 GHz at power levels up to 30 dBm.
The parameters for the experimental system and those used in the numerical model are summarized in Table I . Coupling between the laser and the grating was optimized by adjusting for minimum threshold current. Similarly, the grating angle was adjusted to minimize the threshold current, thereby ensuring that the device was operated close to the gain peak wavelength. This is not necessarily the wavelength for minimum pulsewidth, because higher differential gains are possible at shorter wavelengths [lo] . The laser was adjusted to produce the shortest pulses possible (as measured on the sampling oscilloscope) by adjusting the RF drive power to around 28 dBm and selecting a dc bias level around 129% of threshold.
Three instruments were used to measure the performance and stability of the laser. The pulse shape was monitored using a Tektronix sampling oscilloscope (CSA 803) with a SD-26 sampling head (risetime < 18 ps) closely coupled to a high-speed p-i-n photodetector (risetime < 12 ps). The optical spectrum was measured using an Anritsu optical spectrum analyzer (MS9001Al) with a measured resolution of 0.75 nm at 1500 nm. The RF spectrum of the detected pulses was measured with a IHewlettPackard optical signal analyzer (HP70000). Demokan [ 171 developed a time-domain numerical model, based on photon-density rate equations, which was able to show the growth of mode-locked pulses after the laser was turned on. However, long term instabilities, after the turn on transient, were not reported. Recently, Demokan's model was extended by Morton et al. [7] to predict cyclic instabilities in mode-locked lasers optimized to produce subpicosecond pulses. Morton's studies neglected dispersion within the laser cavity. This assumption is unrealistic because it requires, for stable pulses, that the round-trip gain is unity for all points on the pulse. In reality, this condition of unity round-trip gain will be relaxed because of pulse spreading due to dispersive elements within the resonant cavity. The relaxation of the unity round-trip gain condition, because of pulse spreading, means that the laser can maintain pulse stability over a greater range of operating conditions. Models based on solution of traveling-wave equations for optical field rather than photon density can include dispersive elements such as gratings. One such model is the transmission-line laser model (TLLM) which was applied to the modeling of mode-locked lasers by Lowery [8] . Results from the TLLM show instabilities in modelocked lasers for certain detunings [8] , [9] , [ l l]. In other simulations of mode-locked lasers using the TLLM, good agreement with experimental results have been obtained [lo] , [ 181. A model similar to the TLLM has been developed by Werner and Lee [19] who showed that pulse energy jitter was a function of bias current. A similar result has been obtained using the TLLM [8] . The transmissionline laser model will be used in this paper.
NUMERICAL MODEL

A . The Transmission-Line Laser Model
The TLLM is based on a transmission-line analog of the optical cavity inside and outside the laser chip. This analog allows the wave equations within the cavity to be solved efficiently using a computer. Thus, all the optical resonances of the cavity may be found. A detailed description of the TLLM is given in [12] . The laser is divided longitudinally into sections and transmission lines represent the axial propagation delays of the optical waves through each section. Scattering matrices represent optical gain, phase shift, attenuation, and spontaneous noise within each section. The transmission-line analog is solved iteratively in the time domain, with the iteration timestep equal to the propagation delay between equally spaced scattering matrices.
The advantages of using such a model are that it can include many details and parameters. For example, it includes information about optical field, rather than photon density. Thus, cavity resonances can be included in the model over a wide spectral bandwidth [12] . The optical spectrum can be found by a simple Fourier transform of the output field. This allows the spectral stability of lasers to be determined. The model also includes a dependence of the refractive index on carrier concentration which gives rise to self-phase modulation and hence wavelength shifting of the light [20] .
The model is similar to earlier transmission-line laser models for mode locking [8] [21] have improved the accuracy of the photon-density model by using partial integration within each model section. Partial integration assumes the photon density within each model section grows exponentially across that section. The average photon density within that section can then be calculated from the incoming photon density assuming this exponential growth. The average photon density is then used to calculate the stimulated emission rate. Previous TLLM's assumed that the average photon density was approximately the input photon density, so underestimated the stimulated emission rate. The TLLM now calculates the average photon density using Helkey's method producing a small improvement in the accuracy of the output power.
Modijication Two: In previous TLLM's of modelocked lasers the changes in refractive index inside the laser chip were calculated from the average carrier density within the chip. This approximation is strictly not correct for optical pulses shorter than the transit time of the chip because the pulse is only affected by the refractive index of the material while it is passing through, and not the average index of the whole chip. To correct this approximation, the TLLM now calculates the refractive index within each model section from the carrier density within that section [22] . This modification has little effect on the spectral results from the model.
In common with other numerical mode-locked laser models, the following assumptions are made: 1) single lateral/transverse mode operation, 2) homogeneous current injection (though not a re-3) a dispersionless laser medium. All of the above are realistic assumptions for lasers with pulsewidths greater than a picosecond and dispersion dominated by an external grating.
In all the simulations described here, a five-section model was used to represent the laser chip. This gave a timestep of 0.8 ps and a modeled optical bandwidth of 6.25 THz. The grating was modeled with a Lorentzian response with a FWHM of 100 GHz. The gain spectrum of the active material was assumed to be flat because the grating was assumed to be the dominant bandwidth-limiting mechanism. The model was reinitialized for each simulation and was allowed to run for 40 000 iterations which allowed any initial transient stabilities to settle. Reinitialization is equivalent to turning the laser off, then on, before each measurement and ensures independence of the simulation results. However, random number noise generators representing spontaneous emission followed the same sequence for each run so that the differences in the results cannot be attributed to random noise alone.
quirement)
B. Post Processing Algorithms
The output of the TLLM is a sampled version of the optical field. This can be squared and smoothed over one optical cycle to give the intensity of the field as a function of time. The intensity waveform contains all instabilities in the output of the laser. However, because of sensitivity and data capture limitations, most high-speed experimental measurements rely on some sort of averaging over many pulses to achieve a high bandwidth and sensitivity. To allow comparison between the modeled results and those obtained experimentally, two post-processing algorithms were developed.
Algorithm One: This algorithm uses box-car averaging of many pulses to obtain an average pulse shape as would be seen with a digital oscilloscope in averaging mode or on a synchroscan streak camera. Obviously, pulses averaged in this manner appear perfectly stable even when the unaveraged intensity waveforms show large amplitude, width and timing jitters. This point will be illustrated in Section IV-A.
Algorithm Two: This algorithm overlays samples from sequential pulses in a manner similar to a digital sampling oscilloscope with a very long persistence and without signal averaging. Pulse instability shows as a broadening of the trace, because pulses will not lie on top of one another. This algorithm is used to compare experimental and simulated pulse stability in Section IV-B.
Optical spectra can be also obtained from the model by Fourier transformation of the optical field samples. If the transform is taken over several pulses, then the external cavity modes can be resolved. A transform taken over several pulses also produces the average spectrum of these pulses, as would be obtained with most scanning monochromators and interferometers. To allow comparison with our monochromator, which could not resolve the individual modes, we convolved the modeled spectrum with a Gaussian function with a FWHM of 0.75 nm. Comparisons between simulated and measured spectra are presented in Section IV-E. Fig. 2 shows the measured and simulated average pulsewidth versus detuning. The simulated pulsewidth was obtained using algorithm one, as described in Section 111-B. The cavity resonance frequency, hence the absolute detuning, is difficult to measure experimentally. Thus, we labeled zero detuning as that for the shortest stable pulses. The two curves are in good agreement for all detunings. The difference in pulsewidth for short pulsewidths can be explained by the risetime of the experimental measurement system, which was not included in the numerical simulations. The curves are asymmetrical, there being a rapid decrease in pulsewidth as the detuning is increased, followed by a slow increase in pulsewidth. This asymmetry is in broad agreement with the experimental measurements of Chen er al. [23] , van der Ziel [13], and Kempf and Garside [15] . The regions of instability and stability are marked on Fig. 2 . These were determined by examination of sequences of pulses generated numerically. The unstable pulses have large, cyclic variations in amplitude, width and timing, and are detailed below.
IV. RESULTS
A. Averaged Pulsewidth Versus Detuning
B. Pulse Stability Versus Detuning
The digital sampling oscilloscope can be used to assess pulse stability when set to infinite persistence mode. In this mode, every sample point is displayed so that a plot of all possible pulse shapes is gradually built up. If there is pulse instability, the samples will be scattered, forming a broad trace. We recorded the oscilloscope traces at detunings of -30, -10,0, and +30 MHz, as shown in Fig.  3(a)-(d) , respectively. The RF drive waveform to the laser was also monitored with the sampling oscilloscope to ensure that the observed instabilities were not a result of unreliable oscilloscope triggering. At a detuning of -30 MHz [ Fig. 3(a) ], instabilities occurred on the trailing edge of the pulse and the pulse was broad. At -10 MHz [ Fig. 3(b) ], the pulse became very stable, but broad (70 ps) and asymmetrical, with a slow trailing edge. At 0 MHz, the detuning for the shortest pulse [ Fig. 3(c) ], the pulse had two distinct peaks, the first being 32 ps wide. The peaks were both symmetrical and the pulses were stable. The amplitude of the secondary peak increased with higher dc bias currents and the pulses became unstable if the detuning was increased beyond this point. At +30 MHz [ Fig. 3(d) ], the pulse was single peaked, but suffered from large instabilities, these instabilities being at the center of the pulse.
We simulated the infinite persistence results, above, using the TLLM and algorithm two as described in Section 111-B. These are shown in Fig. 3 (e)-(h) which cor- respond to the experimental results in Fig. 3(a)-(d) , respectively. The simulations showed the same trends as the experimental results above. However, much greater instabilities were observed at the detunings of -30 and + 30
MHz [ Fig. 3 (e) and (h)]. Careful examination of Fig. 3(e) shows that the instability is greatest on the trailing edge of the pulse, as observed experimentally in Fig. 3(a) . Similarly, Fig. 3(h) shows greatest instability at its center, as observed in Fig. 3(d) . Note that some of these instabilities may be smoothed in experimentally by the finite bandwidth of the photodetector and the sampling head, in particular, pulses with closely spaced double peaks may be displayed as single peaked pulses. At detunings of -10 and 0 MHz [ Fig. 3 ( f ) and (g)], excellent agreement was obtained between theory and experiment.
Only small instabilities were seen in the pulses; these were probably masked by instrumentation noise in the experiment.
A simulated single-shot sequence of ten pulses, corresponding to the detuning of Fig. 3(d) and (h) (+30 MHz), is shown in Fig. 4 . This Figure shows the large pulse-topulse variations in pulse shape and amplitude that cause the large scatter of samples in Fig. 3(h) . The explanation of these instabilities is as follows. Because the RF drive frequency is considerably larger than the cavity resonance frequency, the gain within the laser chip peaks well before the return of the optical pulse from the external cavity. This means that the growth of a new pulse, preceding the returning pulse, is favored by the chip gain (pulses marked A-E, Fig. 4 ). The new pulse grows to dominance because it receives more gain per round-trip than the old pulse (pulses marked F-Z). This process repeats: pulses
G-J have a new pulse preceding them as did pulses A-E.
A similar process, but where the optical pulse returns from the optical cavity early, explains the instabilities measured at a detuning of -30 MHz [ Fig. 3(a) and (e)].
To confirm the cyclic nature of the amplitude and timing instabilities, we measured the RF spectrum of the pulse train. The spectra for all detunings are shown in 
C. Optical Spectral Width Versus Detuning
The measured spectral width and the simulated spectral width, averaged over many pulses in both cases, are plotted for a range of detunings in Fig. 6 . The experimental and numerical results are in good agreement and the spectral width increases more than fourfold when the pulses become unstable for positive detunings. A smaller increase in spectral width occurs as the pulses become unstable for negative detunings. In the stable regime, the spectral widths are approximately 0.1 nm (13 GHz). Fig. 4 . Single-shot simulated output corresponding to Fig. 3(d) showing instabilities in the pulse shape, amplitude, and timing.
Of the performance Of a modelocked laser is the time-bandwidth product (TBP). When the TBP is close to the value expected for a particular pulse shape, the pulses are said to be transform limited. 
D. Optical Wavelength Versus Detuning
The measured and simulated center wavelengths of the averaged spectra are plotted in Fig. 7 . The experimental and simulated results show the same trend of increasing red shift as the detuning is increased for detunings up to 5 MHz; further increases in detuning cause the wavelength to decrease. There is a constant offset between the experimental and simulated curves. This may be caused by experimental error; the center wavelength of the grating was measured by monitoring the below-threshold CW spontaneous emission spectrum and may have drifted during the experiment.
The shift in the peak of the spectrum towards red and away from the grating peak wavelength can be explained by self-phase modulation of the pulse as it passes through the laser chip [20] . The amount red shift of the spectral peak is proportional to the rate of carrier depletion. At low RF drive frequencies, the optical pulse returns from the external cavity while the RF component of the injection current is still flowing into the active region. Thus, carrier depletion by stimulated emission is opposed by carrier injection, therefore little red shift occurs. Also, because the carrier concentration has not built up to its maximum value before the return of the optical pulse, the optical gain, hence carrier depletion by stimulated emis- sion, is low. If the RF frequency is increased, the optical pulse returns when the RF component of injection current is approaching zero. Thus, the camer depletion by stimulated emission is not opposed by this current. Also, the carrier concentration builds up to higher levels before the return of the optical pulses and the stimulated emission rate is increased. For these two reasons more red shift occurs at higher detunings. At very high positive detunings, the pulse is unstable in position with respect to the gain waveform, as shown in Fig. 3(d) and (h) and Fig. 4 . Because the wavelength shift due to SPM is dependent on the pulse position with respect to the RF drive, the pulses arriving back at the laser chip late will be red shifted and the early pulses will be unshifted. Fourier transformation of numerical data corresponding to each pulse in Fig. 4 showed that the wavelength of the pulses varied cyclically. The wavelengths of the individual pulses shown in Fig. 4 are plotted in Fig. 8 . Comparison of Figs. 4 and 8 show that pulses returning from the external cavity late, with respect to the chip gain waveform peak, experience a large red shift in wavelength; new pulses, which arrive early, experience little wavelength shift. When the individual pulses' spectra are averaged, a broad spectrum results. This wavelength jitter explains the large time-bandwidth product which would not be expected if the pulses were stable and Gaussian. At large negative detunings much less spectral broadening in the unstable region occurs because the injection current always opposes the carrier depletion. Fig. 9 (a)-(d) shows the variation in measured optical spectrum for four different detunings of -30, -10, 0, and 30 MHz. Note that the monochromator averages the spectrum over many pulses. These spectra correspond, respectively, to the pulses shown in Fig. 3(a)-(d) and Fig.  3(e)-(h) . At -30 MHz detuning [ Fig. 9(a) ] the spectrum is almost symmetrical with little wavelength shift. At -10 MHz detuning [ Fig. 9(b) ] the spectrum narrows and has a red shifted peak. The red shift is caused by SPM, as detailed above. There is also some energy to the blue side of the spectral peak. Time-resolved spectra, obtained using numerical simulations, have shown that the wavelength of a mode-locked laser pulse shifts towards blue after the peak of the pulse [24]. Thus the blue-shifted "tail" of the spectrum observed here corresponds to the slow trailing edge of the pulse shown in Fig. 3(b) . The red shift is larger for 0 MHz detuning [ Fig. 9(c) ] and the blue tail also contains more energy than in Fig. 9(b) . The large blue shifted tail corresponds to the secondary pulse as shown in Fig. 3(c) . At 30 MHz the spectrum broadens substantially because of the cyclic variation in wavelength. The 30 MHz detuning spectrum appears Gaussian in shape but is far from transform limited, as was shown in Section IV-B. Fig. 9 (e)-(g) shows simulated spectra for the same detunings as in Fig. 9(a)-(d) . The simulated plots include both unsmoothed and smoothed results. The unsmoothed results show the external cavity modes of the laser, which are spaced at about 2 GHz. The smoothed simulations allow for comparison with the measured results. The shapes of the measured and smoothed simulated spectra were in excellent agreement for all hetunings. This agreement suggests that the numerical model is well suited to the modeling of mode-locked lasers.
E. Average Optical Spectrum Versus Detuning
V . DISCUSSION AND CONCLUSION
We have shown that small variations in RF drive frequency affect the stability and performance of gratingcontrolled mode-locked lasers. The effects of detuning on pulsewidth, pulse stability, and optical spectrum are summarized in Table 11 . One important result is that when the RF drive frequency is adjusted to give the shortest average pulsewidth, the pulses are unstable. The standard detuning curve (Fig. 2) does not show this, but implies that short pulses may be obtained over a wide range of detunings where there are instabilities. An important conclusion of the present work is that averaged temporal measurements, be they from sampling oscilloscopes, streak cameras, or auto-correlators, must be treated with caution.
We have measured and simulated spectral broadening caused by self-phase modulation within the laser chip. The shortest pulses have red shifted spectra, but also have a blue shifted tail which may be associated with the smaller secondary pulse. Thie tail could possibly be filtered out in practical systems. Unstable pulses have very broad spectra which are far from transform limited. This large increase in the time-bandwidth product is caused by cyclic wavelength variations induced by the timing variations of the optical pulses causing varying amounts of self-phase modulation. These wavelength variations only occur if the pulse is unstable in the time domain. Thus, monitoring of the optical spectrum provides a good indication of the stability of the laser.
